Alekseev, Faddeev and Shatashvili showed in [1] that any irreducible unitary representation of compact groups can be obtained by path integrals. They computed characters of the representations. We showed in [3] that path integrals give unitary operators of the representation which is constructed by Kirillov-Kostant theory for some Lie groups.
Alekseev, Faddeev and Shatashvili showed in [1] that any irreducible unitary representation of compact groups can be obtained by path integrals. They computed characters of the representations. We showed in [3] that path integrals give unitary operators of the representation which is constructed by Kirillov-Kostant theory for some Lie groups.
In [4] we found that, in order to compute the path integrals with nontrivial Hamiltonians for $SU(1,1)$ and $SU(2)$ to obtain unitary operators realized by Borel-Weil theory, we have to regularize the Hamiltonian functions, and in [5] we extended the results to the case that the maximal compact subgroup $K$ of a connected semisimple Lie group $G$ has equal rank to the complex rank of $G$ .
In the rest of this section we shall show how the path integral reproduces the representation constructed by Kirillov-Kostant theory in the case of $SL(2, \mathbb{R})$ with real polarization. This was done in [3] . We can obtain this representation by path integrals as we shall show below. The path integral we should compute is given, symbolically, by
where $\gamma$ denotes the paths in the phase space given below.
We divide the time interval $[0,T]$ into $N$ small intervals $[ \frac{k-1}{N}T, \frac{k}{N}T](k=$ $1,$ $\cdots N$ ) and fix $x_{0}(=x'),$ $x_{1},$ $\cdots x_{N-1},$ $x_{N}(=x'')$ and $p_{0},p_{1},$ $\cdots$ , $p_{N-1}$ arbitrarily. Then we consider the following paths: Corresponding to the second polarization, we introduce local coordinates on $G$ by $g=(\begin{array}{ll}1 0y 1\end{array})(\begin{array}{ll}1 w0 1\end{array})(\begin{array}{ll}\pm e^{s} 00 \pm e^{-s}\end{array})$ .
Then the l-form $\varphi$ is, in this parametrization, given by $\varphi=\sigma(-wdy+ds)$ .
Since
$ds$ is exact l-form, we choose $\tilde{\alpha}=-\sigma wdy$ and put $p'=\sigma w$ .
Then, proceeding analogously to the argument above, we can show that the path integrals give the kernel functions $\tilde{K}_{Y}(y'', y' : T)$ of the unitary operators $U_{\tilde{\lambda}}(\exp TY)$ for each generator $Y\in \mathfrak{g}$ . Now consider the difference of the two l-forms: Then $\pi_{\lambda}$ can be uniquely extended to a unitary operator on $V_{\lambda}$ , which we also denote by $\pi_{\lambda}$ . For $x=(x_{\alpha,i}),$ $x'=(x_{\alpha,i}')$ given, let $x_{\alpha,i}^{0}=x_{\alpha,i},$ $x_{\alpha,i}^{N}=x_{\alpha,i}'$ . We put where $y=(y_{\alpha,i})$ and $\overline{n}_{y}=\exp\sum_{\alpha\in\Sigma^{+}}y_{\alpha},;E_{-\alpha,i}$ . If we use the parametrization (4.1), then $\varphi$ is given by $\varphi=\{\lambda, g^{-1}dg\}$ $=\{Ad^{*}(n')\lambda, \overline{n}(g)^{-1}d\overline{n}(g)\}+\{\lambda, a'(g)^{-1}da'(g)\}$ , where $n'=m'(g)a'(g)n'(g)(m'(g)a'(g))^{-1}$ . Since the second term is an exact l-form, we choose $\alpha_{\epsilon+}=\{Ad^{*}(n')\lambda, \overline{n}(g)^{-1}\Gamma n(g)\}$ .
Fixing $y'=(y_{\alpha,i}')$ and $y=(y_{\alpha,i})$ , we can explicitly compute the path integral with Hamiltonian function for Y $Em\oplus$ a or $\overline{\mathfrak{n}}$ , in the same way as in \S 3.
For $g\in NMA\overline{N}\cap\overline{N}MAN$ , write $g$ in two ways :
$g=n(g)\overline{n}m(g)a(g)$ $=\overline{n}(g)n'm'(g)a'(g)$ .
Then we have $\alpha_{\epsilon_{-}}-\alpha_{\epsilon+}=\{\lambda, a^{-1}da\}$ , (4.4) where $a=a(\overline{n}(g)^{-1}n(g))$ .
We parametrize $n(g)=n_{x}=\exp X$ and $arrow n(g)=\overline{n}_{y}=\exp Y$ , where $X$ (or $Y$ ) is of the form (2.1) (or (4.2), respectively), and fix $x'=(x_{\alpha,i}'),$ $x=$ $(x_{\alpha},:),$ $y'=(y_{\alpha,i}')$ and $y=(y_{\alpha,i})$ .
Then using (4.4) and proceeding analogously to the argument in \S 0, we can show that an integral operator with kernel function when the indicated integrals are convergent.
We can compute the path integral for Y $E$ ff using the polarization given in this section in the same way as in \S 3. by the path integrals.
